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another example. Malone also claimed that the first inequality in (i) can be strengthened to GP = G'. We show in Section 2 that the examples given in [ 1 ] are counterexamples to this assertion.
Malone proved that every finite E-group of exponent p* having no nonabelian proper E-subgroup satisfies (ii). In Section 4 we prove that in fact a finite E-group of class at most 2 satisfies (ii) if and only if it cannot be expressed as the direct product of two nonabelian groups. We also give a necessary and sufficient condition for a direct product of E-groups to be an E-group, and determine the endomorphisms of a finite E-group of class at most 2 in terms of the automorphisms of the indecomposable ones. To obtain these results, we need to study the structure of the E-groups in more detail. This we do in Section 3.
As to (iii), we construct in Section 5 two examples of finite E-groups of exponent p* which do not satisfy this condition. In the first example the factor group Aut(G)/Aut,(G),
where Aut,(G) is the subgroup of Aut(G) consisting of the central automorphisms, is cyclic of order 3, with p _= 1 (mod 3); in' the second example Aut(G)/Aut, (G) is cyclic of order p. In general, in a finite E-group of exponent p* the factor group Aut(G)/Aut, (G) has to be abelian of odd order, as shown in Theorem 3.6. (Recall that Au&(G) = { ccEAut(G)/g-'g"EZ(G),for each gsG}.) In this paper all groups considered are finite, and p is always an odd prime. Notation is as an [S, 31, except that if G is a group, and n a natural number, we write G" = (g"/g E G). An endomorphism of a group is called strict if it is not an automorphism. A pE-group is a p-group which is an E-group. The standard commutator identities in nilpotent groups of class 2 are freely used (see [S, 111.1.2 and 111.1.31). where xzs + 2 = xi, satisfy (i), (ii), (iii) of Section 1, and actually G,P < Gi = Z(G,). In fact, in the proof of Theorem 2 of [7] Malone appears to misquote from [4] and obtains the incorrect conclusion that GP = G' must always hold in a finite nonabelian pE-group of exponent p2. Now take s 2 5, let (z) be a cyclic group of order p2, and consider the central product H, = G,(z), where zp = [x,, x,][x,, x,]. H, satisfies (i), and
We claim that H,s is an E-group. To prove this, let u, u E H,, [u, II] = up # 1. Write u = ulzi, with U' E G,, and v = v'zJ, with v' E G,. Then zip = (u'))~ [u', u']. Now it is not difficult to see that no power of [x,, x2] [x,, x,] different from 1 is of the form (~4'))~ [u', 0'1, for u', V'E G,. This forces zip = 1. The Lemma of [l] can now be applied to show that H, satisfies (ii) and (iii), and is thus an E-group. 3 If G is an E-group, denote by E= E(G) the ring generated by the endomorphisms of G in the near-ring of maps on G, and by C = C(G) the subset of E consisting of the endomorphisms mapping G into Z(G). Note that E(G) consists of the finite sums of endomorphisms of G.
As in the whole paper, we bound ourselves to odd primes p and to pE-groups of class 2. However, for p # 3 all pE-groups have class at most 2 [S, 111.6.51; and the pE-groups of exponent p2 are also of class at most 2 by Theorem 2 of [ 71. For p odd, this is equivalent with [Us", ati] = 1, or uV+@ = u@+~, and this is Theorem 6 of [7] for p > 2.
3.2. PROPOSITION. Let G be a pE-group of class 2, p > 2, and let cp be an endomorphism of G. If some power of cp maps G into Z(G), then cp itself maps G into Z(G).
Proof: Let i be the smallest nonnegative integer such that (p2' maps G into Z(G). Assume, by way of contradiction, that i > 0. Thus, using Lemma 3.1, we have
It follows that G'< ker(cp2'-'). By Theorem 1 of [7] , G@'*'-' <Z(G), contradicting the definition of i. In Proposition 3.2, the condition that cp is an endomorphism, and not merely an element of E, is necessary, as can be seen in the second example of Section 5.
LEMMA.
Let G be a pE-group of class 2, p > 2. Let cp,, cp2 ,..., qk be endomorphisms of G. Then: Cf= 1 (pi E E is an endomorphism of G ifund only ifc1 <icjak cpicpj~ E maps G into Z(G).
Moving successively bq', bqz,... to the right in the first product, we get
Thus q is an endomorphism of G if and only if, for each a, b E G, (Using Lemma 3.1) i.e., xi<i<,<k (Pj(PiEE maps G into Z(G).
3.4. LEMMA. Let G be a pE-group of class 2, p > 2. Let q, II/ be endomorphisms of G. Then: cp -$ E E is an endomorphism of G if and only if $(cp -+) E E maps G into Z(G).
ProoJ It is easy to give a direct proof of this, as for Lemma 3.3. Otherwise, one remarks that if G has exponent pe, then -$ = $ + ... + I,$ (p'-1 summands), and applies Lemma 3.3 to -$ + cp.
The next two theorems are the main results on E-groups of this section.
3.5. THEOREM. Let G be a pE-group of class 2, p > 2. Then C = C(G) is a two-sided ideal of E = E(G), and E/C is a finite commutative ring.
THEOREM.
Let G be a pE-group of exponent p*, p> 2. Then
is an abelian group of odd order.
Proof of 3.5. C is clearly closed under addition. If now cp E C, $ E E, write $=$i+ ... +$k, with the $;s endomorphisms of G. Then @p = Ic/1 cp + ... + ICILq, and clearly all t+bi(P'S are in C. We have also cp$ = (p@, + ... + (p$k: if we show that Z(G) is fully invariant, then all cp$;s are in C, and C is a two-sided ideal of E. In fact, if z E Z(G), g E G, and c is an endomorphism of G, Lemma 3.1 gives [z", g] = [z, g"] = 1, and thus z" E Z(G).
It remains to show that if q, $ are endomorphisms of G, then cpll/ -$cp E C. Now it is clear from Lemma 3.1 (and actually already contained in its proof) that for each a, b E G,
We have thus only to show that q$ -$cp E E is an endomorphism of G. By Lemma 3.4 , this is the case if and only if Il/cp(cpll/ -$cp) E E maps G into Z(G). But this is clear, since already cpl(l -$cp maps G into Z(G).
is isomorphic, as a multiplicative group, to the image of Aut(G) under the canonical endomorphism E + E/C, and then is abelian by Theorem 3.5.
Let now q E Aut(G) satisfy (p* = 1. For each a, b E G one has, using Lemma 3.1,
This forces cp = 1, for instance, by Theorem 5 of [7] (compare also with the Proposition of [ 1 ] ).
4
In this section we determine the endomorphisms of a pE-group of class at most 2, p > 2, in terms of the automorphisms of the indecomposable ones.
Our first result refines Corollary 4.2 of [7] .
THEOREM. Let G be a pE-group of class at most 2, p > 2. Assume that there is a strict endomorphism cp of G, which does not map G into Z(G).
Then G is decomposable into a nontrivial product of two pE-groups.
Proof
The first part of the proof is an easy analogue of Fitting's lemma [6, p. 1131 for finite groups.
Let then G be any finite group, q an endomorphism of G. Choose an integer n such that G@'= G9"+' for all i 3 0. Set II/ = cp", H = G$, K= ker $. We claim that G is the semidirect product of H and K.
In fact, K= ker $ is normal in G. For each g E G, gti E H= G@ = G@. Thus there is g, E G such that gti = gt'. Then (g,$g)@ = g;@g@ = 1 that is, gr*g E K, g E HK, and so G = HK. Finally, II/ restricted to H is clearly an automorphism of H, and thus Kn H= 1. Now assume that G, cp are as in the assumptions of the Theorem, and take $ as in the first part of the proof. We claim that the decomposition G = HK is nontrivial and direct.
In fact, K= ker $ > ker cp > 1 because cp is not an automorphism of G. If H = 1, tj = q" is the trivial endomorphism mapping G onto 1 and cp" maps in particular G into Z(G). By Proposition 3.2, cp itself maps G into Z(G), which contradicts the assumptions. Thus both H, K are nontrivial. Now take k E K, h E H. Thus there exists gE G such that h =g$. Using Lemma 3.1 we get Ch, kl = Cg@, kl = Cg, k*l = 1, Of course, a direct factor of an E-group is an E-group by To illustrate Theorem 4.2, let G, be as in Section 2. An easy adaptation of the Lemma of [l] shows that, for s # t, H, = G, and H, = G, satisfy (*). Thus, for s # t, G, x G, is an E-group. On the other hand, if G is any nonabelian E-group, it is clear that G x G is not an E-group.
It is now easy to determine the endomorphisms of a pE-group of class at most 2, p > 2, in terms of the automorphisms of its indecomposable factors. In the next theorem, given a direct product Hx K, we extend an automorphism c1 of, say, H to an endomorphism of G via the definition 
YiHYf2>
where 1 is a primitive third root of 1 (mod p), and that [g, g"] = 1 for each g E G. We claim that if cp is an endomorphism of G that does not map G into Z(G), then cp is an automorphism of G, and q = w'(mod Aut,(G)), for some i. It will then be clear that G is an E-group with Aut(G) = (0) Au&(G) and E/Cz'GF(p)@GF(p).
Here and in the next example, we consider V = G/#(G) and 4(G) as 
If, say ( JI, j3 )@ has dimension 1, then the first formula of (2) implies that i7@ has dimension at most 2, and the second formula yields that W@ is at most l-dimensional, a contradiction. Thus also the 2-dimensional subspaces <-)?I, X3), <x2, X4), <.?I, Y3), <Y*, h) 
Since not all elements of (X, , x3 )" and (x2, X4) p are commutators (compare with the remarks at the end of Section 1 of [9] ), it follows that U and W are left invariant by (p. In fact, each subspace of (3) Denote by Vi, 1 6 i <4,, the 2-dimensional subspaces (Xi, j,) of the GF(p)-vector space V= G/&G). The relations (5) give Let p be an endomorphism of G that does not map G into Z(G), so that @ # 0 on V. Equation (6) 
Letting i = 1, j # 1 in the first equation of (7), we get a i rj = yl: in particular yi =c~ry~, and since also y, =2a, y2, as seen above, we get y2 =O, and then yj = 0 for each j. Now the second equation of (7) gives, for suitable choices of i,j, 6,=6,=6,, 6, =a,6,. Finally, applying cp to x$'= [x1,x,] + [x,,y3]weget1=a,=a,a,=cl,andO=6,-1sothat~=1,asrequired.
We must still deal with the case dim( Vr) = 1 for some i. Equation (6) then gives dim( Vy) = 1 for all l's. We may then choose 0 # ui E Vi, 1 < i < 4, so that Vf = (vi) and for some 0 # A E GF(p). However, no such {u, , u2, ug, u,> exists. This can be proved in the following way.
We first solve the equation 
Now consider what u1 could be. If u, E U, from the last equality in (8) it follows u4 E U: but this does not fit into (9). Thus we get u, =X, (mod U), and more detailed calculations, using the first three equalities of (8), give VI =x, +bj,, u,=X2+by2, v3 =X, + bj3, u4 = uX, +X4-t-cjs + bj4,
